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TORSION ELEMENTS OF THE NOTTINGHAM GROUP OF
ORDER p2
CHUN YIN HUI AND KRISHNA KISHORE
Abstract. We establish an explicit upper bound B(p, l,m), depending on
p, l,m, on the number of conjugacy classes of order p2 torsion elements u of type
〈l, m〉 of the Nottingham group defined over the prime field of characteristic
p > 0. In the cases where l < p, the number of conjugacy classes of type 〈l, m〉
coincides with B(p, l,m). Moreover, we give a criterion on when u and un are
conjugate.
1. Introduction
This paper is a continuation of [3] where the second author classified elements
of the Nottingham group over the prime field Fp that are of order p
2 and type
〈2,m〉. In order to discuss some preliminary notions and to state our main results
we need some notation. Let κ be a finite field of characteristic p > 0, let K := κ((t))
be the field of Laurent-series in one variable t over κ and OK its ring of integers,
and M the maximal ideal of OK generated by the uniformizer t. Consider the
group of automorphisms of K that fix κ, and in turn consider the subgroup of
wild automorphisms namely those which map the uniformizer t to the product
tz for some z in the principal unit group U1 := 1 + M. The set { tz | z ∈ U1 }
corresponding to this subgroup equipped with composition of power series is a
group, called the Nottingham group Nκ over κ; for a detailed description about the
Nottingham group see [1] and [2].
The classification of elements of order p over κ is due to Klopsch [4]. On the
other hand, by associating conjugacy classes of torsion elements of order pn in Nκ
with continuous surjective characters χ : U1 → Z/p
nZ up to strict equivalence,
Lubin [5] deduced the result of Klopch as a particular case, but most importantly
constructed a framework to understand torsion elements of high order. This is due
to the fact that each surjective χ, in turn, is associated with a sequence of integers
〈b(0), . . . , b(n−1)〉, called the break sequence of χ or the type of χ, where b(j−1) is
defined as the largest positive integer b such that
χ(1 +Mb) 6⊂ pjZ/pnZ.
Since the type of χ is invariant under strict equivalence, the analysis of the con-
jugacy classes of torsion elements of order pn reduces to the analysis of the strict
equivalence classes of a given type.
Now, let us restrict our attention to the case where κ = Fp, the prime finite
field of characteristic p > 0. We drop the subscripts κ from the notation, for
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instance instead of NFp we simply denote it as N. The continuous characters
HomcontZp (U1,Z/p
nZ) form a Zp-module equipped with the action of the Nottingham
group N that acts on the left in a manner compatible with Zp-module structure,
namely as uχ(f(t)) := χ(f ◦ u(t)) for f(t) ∈ U1 = 1 + tFp[[t]] and u ∈ N. Two such
characters χ, ψ ∈ HomcontZp (U1,Z/p
nZ) are said to be strictly equivalent, denoted
χ ≃ ψ, if there exists an element u ∈ N such that ψ = uχ and u(t)/t ∈ kerχ; if
only the former condition holds then they are said to be weakly equivalent, denoted
χ ∼ ψ. Both relations ≃ and ∼ are equivalent relations on HomcontZp (U1,Z/p
nZ);
see [5]. Let us note here that, given a surjective character χ ∈ HomcontZp (U1,Z/p
nZ),
characters strictly (resp. weakly) equivalent to χ are surjective and are of the same
type.
In an unpublished work, Lubin classified torsion elements of order p2 of type
〈1,m〉 over any finite field; see Theorem 3.6 in [3]. On the other hand, the second
author classified weak equivalence classes of order p2 of type 〈2,m〉 over any prime
finite field and gave bounds on the number of strict equivalent classes; see Theorem
2.3. The main goal of this article is to give bounds on the number of conjugacy
classes of torsion elements of order p2 of any type over any prime finite field.
Let
{
Ek := 1 + t
k
}
p∤k
be a topological basis of the principal unit group U1 =
1 + M, and {Zi}i be the basis of Hom
cont
Zp (1 + M,Z/p
2Z) dual to Ei. Then any
character χ ∈ HomcontZp (1 +M,Z/p
2Z) of type 〈l,m〉 has the following expansion,
called the standard expansion:
(1) χ =
∑
1≤i≤l,p∤i
xiZi +
∑
1≤j≤m,p∤j
aj .pZj ,
where xi, aj belong to {0, 1, ..., p− 1} for all i, j. The coefficient xl is nonzero, and
if p ∤ m then am is nonzero too. Now we can state some of our main results.
We show that every strict equivalence class contains a character of a special form.
Theorem 1.1. Let [χ] be a strict equivalence class of type 〈l,m〉. Then there exists
a character in the class [χ] whose standard expansion is
(2) xlZl +
∑
m−l≤j≤m,p∤j
bj · pZj ,
where xl 6= 0 and if p ∤ m, then bm 6= 0. The character in (2) is said to be in
reduced form.
Let B(p, l,m) be the number of type 〈l,m〉 reduced forms (2). In the case where
l < p, B(p, l,m) is equal to the number of strict equivalence classes of type 〈l,m〉.
Theorem 1.2. Suppose l < p. Then each strict equivalence class of type 〈l,m〉 has
precisely one representative in the reduced form (2) in Theorem 1.1.
The condition l < p of Theorem 1.2 is necessary. We will provide a counterex-
ample for p = 2 and type 〈5, 15〉. Finally, by combining Theorems 1.1, 1.2, and
Lubin [5], we obtain our main result on the torsion elements of N of order p2.
Theorem 1.3. Let dl,m denote the number of conjugacy classes of elements of the
Nottingham group N that are of order p2 and type 〈l,m〉. Then
(3) dl,m ≤ B(p, l,m) = p
k(p− 1)ǫ
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where k is the number of integers in [m− l,m− 1] incongruent to 0 modulo p, and
ǫ is equal to 1 if m is congruent to 0 modulo p, and equal to 2 otherwise. The
inequality (3) is an equality if l < p.
Let n ∈ N and u ∈ N be a torsion element of order p. It is not difficult to see
(e.g., by Theorem 2.1) that u and un are conjugate in N if and only if u = un. As
an application of the above results, the following group theoretic result related to
the Nottingham group is of independent interest.
Theorem 1.4. Let n ∈ N and u ∈ N be a torsion element of order p2 and type
〈l,m〉. If u and un are distinct elements, then they are conjugate in N if and only
if n ≡ 1 (mod p) and (p, l,m) 6= (2, l, 2l).
The organization of the paper is as follows. In §2 we establish the notation
and conventions that will be adapted throughout the paper, and also state some
prior results so that the reader may appreciate the results established in this paper
better. In §3 we perform some preliminary computations that will be useful in
§4. In §4 we prove Theorems 1.1 and 1.2 and also justify the condition l < p by
providing a counterexample. In §5 we prove our main results (Theorems 1.3 and
1.4) on torsion elements of the Nottingham group N of order p2.
2. Notation, conventions, and prior results
We adapt the following notation in this article. The letter p always denotes
a prime number, and Fp the prime field of characteristic p > 0. By κ we mean
a characteristic p finite field, K is the field of Laurent-series κ((t)) over κ, and
OK := κ[[t]] its ring of integers with maximal ideal M = tOK where t is a fixed
uniformizer of OK . Then the group of principal units 1+M is denoted by U1, and
its higher unit subgroups 1 +Mj , j ≥ 1, by Uj.
The Nottingham group over κ, denoted by Nκ, is the subgroup of elements of
Autκ(K) mapping t to u(t) ∈ t(1 + M). An element of Nκ is determined and
represented by the power series u(t). We drop the subscript κ in the case where
κ = Fp, the prime finite field of characteristic p > 0. So, for example NFp is simply
written as N.
In this article, we deal only with continuous characters χ : U1 → Z/p
nZ, where
U1 equipped with induced topology from that of the topological group K
×, and
Z/pnZ with the discrete topology. So we omit the adjective ‘continuous’ while
referring to the characters in the Zp-module Hom
cont
Zp (U1,Z/p
nZ).
The definitions of strict equivalence≃ (resp. weak equivalence∼) on HomcontZp (U1,Z/p
nZ)
and the break sequence (or the type) of a surjective character are defined in the
same ways as the κ = Fp case (see §1) so that a strictly (resp. weakly) equivalent
class of surjective characters have the same type. When we say a character has
certain type, the character is assumed to be a surjective character.
We now describe the main results of Lubin on torsion elements of Nκ. Given
an order pn element u ∈ Nκ ⊂ Autκ(K), the subset F of K = κ((t)) fixed by u is
a subfield of K for which K/F is a degree pn totally ramified abelian extension.
Local class field theory produces a canonical continuous group homomorphism onto
the subgroup generated by u:
ρKF : F
∗ → 〈u〉.
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Since K/F is totally ramified, the norm NK/F (t) of t is a uniformizer of F . Hence,
there is a unique κ-isomorphism K ∼= F of fields mapping t to NK/F (t). On
the other hand, there is a unique group isomorphism 〈u〉 ∼= Z/pnZ mapping u
to 1. Therefore, we obtain, by compositions of maps, a surjective character χ in
HomcontZp (U1,Z/p
nZ):
χ : U1 →֒ K
∗
∼=
−→ F ∗
ρKF−→ 〈u〉
∼=
−→ Z/pnZ.
Theorem 2.1. [5, Theorem 2.2] Let n be a natural number. The above association
u 7→ χ induces a bijective correspondence between the conjugacy classes of order pn
elements of the Nottingham group Nκ and the strictly equivalent classes of surjective
characters in HomcontZp (U1,Z/p
nZ).
By Theorem 2.1, the conjugacy classes of order pn elements of Nκ can be further
classified by the types 〈b(0), . . . , b(n−1)〉 of their corresponding strictly equivalent
classes of characters. Hence, it makes sense to talk about the type of a torsion
element.
Theorem 2.2. (Klopsch, Lubin) 1 Let q be the size of the finite field κ. Let dm
denote the conjugacy classes of order p elements of Nκ of type 〈m〉 and d1,m denote
the number of conjugacy classes of order p2 elements of Nκ of type 〈1,m〉. Then
dm = q − 1 and
d1,m =


p(q − 1) if m ≡ 0 (mod p).
(q − 1)2 if m ≡ 1 (mod p).
p(q − 1)2 otherwise.
When κ = Fp, the second author proved the following.
Theorem 2.3. [3]2 Let d2,m denote the number of conjugacy classes of order p
2
elements of N of type 〈2,m〉 and dweak2,m denote the number of weakly equivalent
classes of surjective characters in HomcontZp (U1,Z/p
2Z) of type 〈2,m〉. Then
dweak2,m ≤ d2,m ≤ pd
weak
2,m ,
where
dweak2,m =


p(p− 1) if m ≡ 0 (mod p).
(p− 1)2 if m ≡ 1 (mod p).
p(p− 1)2 otherwise.
In this article, our main result Corollary 4.3 improves the result of the second
author above, namely that we obtain d2,m = pd
weak
2,m .
3. Preliminary computations
From now on till the end of the paper, we assume K = Fp((t)) and work on the
Nottingham group N over Fp. Consider the Z/p
2Z-module HomcontZp (U1,Z/p
2Z) of
characters. The set
{Ej := 1 + t
j ∈ U1 : j ∈ N}
1The result on dm is due to Klopsch [4] and the result on d1,m is an unpublished work of
Lubin.
2In [3], the notation d2,m and dweak2,m are respectively denoted by dm and d
weak
m
.
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contains the subset
{Ej := 1 + t
j ∈ U1 : j ∈ N, p ∤ j},
which is a topological Zp-basis of U1 and the dual basis is denoted by
{Zj ∈ Hom
cont
Zp (U1,Z/p
2Z) : j ∈ N, p ∤ j},
i.e., Zj(Ei) = δij , the Kronecker delta function. Let C = {0, 1 . . . , p
2 − 1} be
a fixed choice of representatives of Z/p2Z. Then any surjective character χ ∈
HomcontZp (U1,Z/p
2Z) with break sequence 〈l,m〉 has the expression of the form
(4) χ =
∑
1≤j≤m,p∤j
cjZj ,
where the coefficients cj ∈ C.
Proposition 3.1. (Lubin [5]) Let χ : U1 → Z/p
nZ be a surjective continuous
character. Let 〈b(0), . . . , b(n−1)〉 be its break sequence. Then the following conditions
hold:
(a) gcd(p, b(0)) = 1;
(b) for each i > 0, b(i) ≥ pb(i−1), and
(c) if the above inequality is strict, then gcd(p, b(i)) = 1.
Conversely, every sequence 〈b(0), . . . , b(n−1)〉 satisfying the above three conditions
is the break sequence of some character χ on U1. There are only finitely many
different characters χ with the break sequence 〈b(0), . . . , b(n−1)〉, and a fortiori, only
finitely many strict equivalence classes of such characters.
Let χ be the character in (4). It follows from Proposition 3.1 that
(1) l is relative prime to p;
(2) cl is relative prime to p;
(3) for all l+1 ≤ j ≤ m such that p ∤ j, the coefficient cj ∈ { 0, p, 2p, . . . , (p− 1)p };
(4) if m is relative prime to p, then cm 6= 0.
Writing c1, . . . , cl in the form x + p.a where x, a ∈ {0, 1 . . . , p − 1}, and changing
the notation, the above expansion takes the following form
(5) χ =
∑
1≤i≤l,p∤i
xiZi +
∑
1≤j≤m,p∤j
aj .pZj ,
where now x1, x2, . . . xl, a1, . . . , am ∈ {0, 1, . . . p− 1}, and xl 6= 0, and if (m, p) = 1
then am 6= 0 too. We call (5) the standard expansion of χ.
Let ψ be a character with break sequence 〈l〉. Then ψ is trivial on 1+Ml+1 but
not on 1 + Ml, and that ψ restricts to a nonzero linear functional ψ˜ on the one
dimensional Fp-vector space (1 +M
l)/(1 +Ml+1).
Theorem 3.2. (Lubin) Let χ, ψ : U1 → Z/pZ be characters both of type 〈l〉. Then
χ ≃ ψ if and only χ˜ = ψ˜.
Proof. For a proof see [5, Theorem 4.2] 
6 CHUN YIN HUI AND KRISHNA KISHORE
Lemma 3.3. 3 Let χ, ψ : U1 → Z/p
nZ be two characters. Then χ is strictly
equivalent to ψ if and only if there exists u ∈ N such that ψ = uχ and χ(u(t)/t) ≡ 0
(mod pn−1).
Proof. For a proof see [3, Lemma 4.2]. 
Remark 3.4. A variant of the following lemma can be found in [3, Lemma 5.1].
As a preliminary, we note that if m ≡ 0 (mod p), then m = lp by Proposition 3.1
(c).
Lemma 3.5. Let χ, ψ be two characters of type 〈l,m〉 with standard expansions as
in equation (5). Let u(t) = t(1+αt+βt2 · · · ) ∈ N. The following assertions hold.
(a) uχ(El) ≡ xl ≡ χ(El) (mod p).
(b) If p ∤ m then uχ(Em) = p · am.
Proof. (a) Since El◦u(t) = 1+u(t)
l = 1+tl(1+αt+βt2+· · · )l = 1+tl+lαt2+· · · =
(1 + tl) · · · we have, modulo p,
uχ(El) = χ(El ◦ u(t)) ≡ χ((1 + t)
l)
= χ(El) ≡ xl.
(b) If p ∤ m then we have
uχ(Em) = χ(Em ◦ u(t)) = χ(1 + t
m) = χ(Em) = p · am.

4. Classification of strict equivalence classes
Lemma 4.1. Let χ be a character of type 〈l,m〉 with the standard expansion (5).
Then χ is strictly equivalent to the character with standard expansion
(6) xlZl +
∑
1≤j≤m,p∤j
bj.pZj ,
where bj ∈ {0, 1, ..., p− 1}. In addition, if p ∤ m then bm = am.
Proof. By Theorem 3.2, χ (mod p) ≃ xlZℓ (mod p), so that, by definition, there
exists an element u ∈ N such that xlZℓ ≡ uχ (mod p) and χ(u(t)/t) ≡ 0 (mod p).
By Lemma 3.3 for n = 2, χ is strictly equivalent to uχ and the latter is of the form
(6). The last assertion follows from Lemma 3.5(b). 
The form (6) is strictly equivalent to a even more simple form.
Proposition 4.2. Let χ be a character of type 〈l,m〉 with the standard expansion
(6). Then χ is strictly equivalent to a character with the standard expansion
(7) xlZl +
∑
m−l≤j≤m,p∤j
bj · pZj ,
where the coefficients xl and bj for m− l ≤ j ≤ m, p ∤ j are the coefficients in (6).
3The second author thanks Jonathan Lubin for sharing the proof with him.
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Proof. Let χ be the character of type 〈l,m〉 in (6). Then there exists bm ∈ {1, ..., p−
1} such that
bm · p = χ(Em).
By induction, it suffices to find, for each index j starting from 1 to m− l− 1 with
m− l−j relative prime to p, an element uj := uj(t) ∈ N satisfying three conditions:
(a) ujχ(Em−l−j) = 0;
(b) χ(uj(t)/t) = 0;
(c) χ(1 + tk) = χ(1 + ukj ) if m− l − j < k ≤ m.
Consider
uj := uj(t) = t(1 + t
l+j)d(1 + tm)e ∈ N,
where d and e are integers to be chosen later. Then, we obtain
1 + um−l−jj = 1 + t
m−l−j(1 + tl+j)d(m−l−j)(1 + tm)e(m−l−j)
= 1 + tm−l−j + d(m− l − j)tm (mod Um+1)
= (1 + tm−l−j)(1 + tm)d(m−l−j) (mod Um+1)
Therefore
ujχ(Em−l−j) = χ(1 + u
m−l−j
j )
= p · (bm−l−j + d(m− l − j)bm)
(8)
Since bm and m− l − j are both relative prime to p, there exists some d ∈ N such
that (8) is zero in Z/p2Z, i.e., (a) is fulfilled. On the other hand, as l + j > l we
have
χ(uj(t)/t) = χ((1 + t
l+j)d(1 + tm)e)
= p · (dbl+j + ebm).
(9)
Again since bm is prime to p, there exists e ∈ N such that (9) is zero in Z/p
2Z, i.e.,
(b) is fulfilled. Finally, one checks easily that (c) is also fulfilled by the definition
of uj . We are done. 
Theorem 1.1. Let [χ] be a strict equivalence class of type 〈l,m〉. Then there exists
a character in the class [χ] whose standard expansion is
(2) xlZl +
∑
m−l≤j≤m,p∤j
bj · pZj ,
where xl 6= 0 and if p ∤ m, then bm 6= 0. The character in (2) is said to be in
reduced form.
Proof. The assertion follows directly from Lemma 4.1 and Proposition 4.2. 
Corollary 4.3. Let B(p, l,m) be the number of type 〈l,m〉 reduced forms (2). The
number of strict equivalence classes of type 〈l,m〉 is at most B(p, l,m) = pk(p−1)ǫ,
where k is the number of integers in [m− l,m− 1] incongruent to 0 modulo p, and
ǫ is equal to 1 if m is congruent to 0 modulo p, and equal to 2 otherwise.
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Proof. If m is incongruent to 0 modulo p, then each of xl, bm, being nonzero, can
be chosen in p − 1 different ways, otherwise when m is congruent to 0 modulo p
the coefficient am does not appear in the standard expansion and so that only xl
needs to be chosen, which can be done in p−1 ways. The assertion about the other
factor pk, with restriction on k, is evident. 
Theorem 1.2. Suppose l < p. Then each strict equivalence class of type 〈l,m〉 has
precisely one representative in the reduced form (2) in Theorem 1.1.
Proof. Suppose l < p and χ is in reduced form (2). Let u = u(t) ∈ N satisfy
(10) χ(u(t)/t) = 0
and that
(11) χ′ = uχ = x
′
lZl +
∑
m−l≤j≤m,p∤j
b′j · pZj
is also in reduced form but distinct from χ. By Lemma 3.5(a) and (b), we obtain
xl = x
′
l and if p ∤ m, then bm = b
′
m. If j˜ denotes the the largest index j such that
bj 6= b
′
j , then j˜ is strictly less than m, so that 0 < m− j˜ ≤ l. Write
u(t) = t
∞∏
k=1
(1 + tk)nk
where nk ∈ {0, 1, ..., p − 1}. If k˜ denotes the smallest index k such that nk 6= 0,
then the inequalities 0 < k˜ ≤ m− j˜ hold; indeed if k˜ > m− j˜, then bj˜ = b
′
j˜
which
contradicts the definition of j˜. Hence, we conclude that
0 < k˜ ≤ m− j˜ ≤ l < p.
The equality k˜ = l is impossible since it contradicts (10). It follows that 0 <
l− k˜ < p, and together with xl, nk˜ ∈ {1, ..., p− 1}, we obtain
χ′(El−k˜) = uχ(1 + t
l−k˜) = χ(1 + tl−k˜(1 + nk˜t
k˜ + · · · )l−k˜)
= χ(1 + tl−k˜ + nk˜(l − k˜)t
l + · · · )
= χ((1 + tl−k˜)(1 + tl)nk˜(l−k˜) · · · )
= nk˜(l − k˜)xl 6= 0 mod p,
contrary to the hypothesis that χ′ is in reduced form. 
Remark 4.4. Consider p = 2 and the type 〈5, 15〉 character χ in reduced form:
χ = Z5 + 2Z15.
Take u(t) = t(1 + t3 + t4)(1 + t15)e ∈ N so that χ(u(t)/t) = 0. Then uχ is of the
form (6) such that uχ(E11) = 2. By Proposition 4.2, uχ is strictly equivalent to a
reduced form ψ with ψ(E11) = 2 6= 0 = χ(E11). But ψ and χ are strictly equivalent
and both are in reduced forms.
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5. Torsion elements of N of order p2
Theorem 1.3. Let dl,m denote the number of conjugacy classes of elements of the
Nottingham group N that are of order p2 and type 〈l,m〉. Then
(3) dl,m ≤ B(p, l,m) = p
k(p− 1)ǫ
where k is the number of integers in [m− l,m− 1] incongruent to 0 modulo p, and
ǫ is equal to 1 if m is congruent to 0 modulo p, and equal to 2 otherwise. The
inequality (3) is an equality if l < p.
Proof. The result is an immediate consequence of Theorem 2.1 of Lubin, Corollary
4.3, and Theorem 1.2. 
Remark 5.1. Since l < p always holds when l = 1, 2, Theorem 1.3 recovers the
formula of d1,m in Theorem 2.2 when κ = Fp and is an improvement over Theorem
2.3 of the second author in which only the upper bound on d2,m was established.
Theorem 1.4. Let n ∈ N and u ∈ N be a torsion element of order p2 and type
〈l,m〉. If u and un are distinct elements, then they are conjugate in N if and only
if n ≡ 1 (mod p) and (p, l,m) 6= (2, l, 2l).
Proof. Let χ be a surjective character of type 〈l,m〉 associated to u.
(⇒) Suppose u and un are conjugate in N. It follows that n is prime to p. Then
one sees from the correspondence in §2 that n ·χ is a surjective character associated
to un. Let xl 6= 0 be χ(El) (mod p). As u and u
n are conjugate, χ and n · χ are
strictly equivalent. Hence by Lemma 3.5(a), we have
xl ≡ nxl (mod p)
which implies n ≡ 1 (mod p).
On the other hand, assume (p, l,m) = (2, l, 2l) for some odd l, we need to prove
that u and un are not conjugate. Let χ1 be a reduced form of u. Since m− l = l
is prime to p = 2, the character n · χ1 is a reduced form of u
n. If u and un are
conjugate, then n is odd. Since u 6= un and p2 = 4, we may assume n = 3. It
follows that the reduced forms χ1 6= 3χ1 differ only at the coefficient bl (see (7))
and wχ1 = 3χ1 for some w ∈ N satisfying
(a) w := w(t) 6= t;
(b) χ1(w(t)/t) = 0.
The conditions (a) and (b) imply that 0 < k < l if we write w(t) = t(1+ tk+ · · · ) ∈
N. If k is odd, then one computes by using χ1(E2l) 6= 0 and χ1 is a reduced form
that
wχ1(E2l−k) = χ1(E2l−k) + χ1(E2l) 6= χ1(E2l−k) = 3χ1(E2l−k).
If k is even, then one computes by using χ1 is a reduced form that
wχ1(El−k) ≡ χ1(El) 6≡ 0 ≡ 3χ1(El−k) (mod 2).
Since both cases contradict the equation wχ1 = 3χ1, u and u
n are not conjugate.
(⇐) Without loss of generality, assume χ is in reduced form. Then n ·χ is in the
form of (6). By Proposition 3.1 and Remark 3.4, (p, l,m) 6= (2, l, 2l) is equivalent
to m− l > l. Apply Proposition 4.2 to n ·χ and we obtain a reduced form ψ ≃ n ·χ.
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Since m− l > l and n ≡ 1 (mod p), it follows that ψ is identical to χ, which implies
that n · χ ≃ χ. Therefore, un and u are conjugate in N. 
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